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Abstract
The construction of SL(2, Z) invariant amplitudes that generalize the Virasoro amplitude is
investigated in detail. We describe a number of mathematical properties that characterize
the simplest example, and present pieces of evidence that it represents the tree-level four-
graviton scattering amplitude in membrane theory on R9 × T 2 in the limit that the torus
area goes to zero. In particular, we show that the poles of the S-dual amplitude are in
precise correspondence with the states of membrane theory that survive in the type IIB
limit. These are shown to be the states that span the Cartan subspaces of area preserving
diffeomorphisms of the 2-torus; all other states become infinitely massive, and membrane
world-volume theory acquires the structure of a free theory.
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1. Introduction
With the premise that there is little prospect to determine an exact scattering am-
plitude in M-theory, as in any non-trivial quantum theory (especially if, as in the present
case, the theory is unknown), we start by describing the purpose of this work. The basic
information about four-graviton amplitude in ten-dimensional type IIB superstring theory
comes from three different sources, namely string perturbation theory, low-energy results
that are exact in the string coupling, and the symmetry under SL(2,Z) transformations.
In addition, one must demand that any correction of perturbative origin should appear
with an integer power of g2B (type IIB string coupling), and non-perturbative corrections
should be in correspondence with D-instanton contributions. Although these ingredients
are certainly insufficient to anticipate the general structure of the exact scattering am-
plitude, simple examples that satisfy these requirements can be constructed [1]. Here we
will continue with this program, and also illustrate how corrections can be systematically
introduced by preserving SL(2,Z) symmetry at each step.1 In addition, we will find in-
dications that the simplest amplitude represents a special limit of the tree-level diagram
for the four-graviton amplitude in membrane theory compactified on a 2-torus; this is the
“type IIB” limit of M-theory on T 2, where the torus area goes to zero at fixed moduli, so
that M-theory becomes the ten-dimensional type IIB superstring theory.
The SL(2,Z) symmetry of type IIB superstring theory [3-5] requires that the effective
action must be invariant under SL(2,Z) transformations to all orders in the α′ expansion.
In the Einstein frame, a term of given order in derivatives involving the metric must be mul-
tiplied by a modular function of the coupling. Since there is a one-to-one correspondence
between certain (SL(2,Z) invariant) terms in the effective action and the terms of the mo-
mentum expansion of an N-graviton amplitude, the same modular functions appear in the
N-graviton amplitude, which must therefore be invariant under SL(2,Z) transformations.
In section 2 we review the scattering amplitude proposed in ref. [1] and, in addition,
we describe a simple way to obtain it by incorporating non-perturbative states of the
spectrum. The perturbative part of the S-dual scattering amplitude can be resummed into
a simple closed expression, which is studied in section 3. In section 4 the effective action
that reproduces the S-dual amplitude is examined. In section 5 we show that this amplitude
is uniquely determined by a simple extra condition, the free wave equation in a locally flat
three-dimensional space time parametrized by the type IIB string coupling τ = τ1+iτ2 and
the string tension. Section 6 is an analysis of more general SL(2,Z) invariant amplitudes.
In all cases, the (non-BPS) (p, q) string states of ten-dimensional type IIB theory play a
central role. The membrane configurations in eleven dimensions that give rise to these
states upon dimensional reduction and T-duality are described in section 7, where we also
make some remarks on a possible derivation of the S-dual amplitude starting from eleven
dimensions. Finally, in section 8 we discuss the interpretation of the results.
1 A possible reorganization of the perturbative expansion respecting SL(2,Z) invariance was
also suggested in ref. [2].
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2. Simplest SL(2,Z) invariant amplitude
2.1. Definition and properties
The scattering amplitude introduced in [1] is given by the following formula:
A4 = κ
2KA
sl(2)
4 (s, t, u) , (2.1)
A
sl(2)
4 (s, t, u) =
1
stu
∏
(p,q)′
Γ(1− spq)Γ(1− tpq)Γ(1− upq)
Γ(1 + spq)Γ(1 + tpq)Γ(1 + upq)
, (2.2)
spq =
α′s
4|p+ qτ | , tpq =
α′t
4|p+ qτ | , upq =
α′u
4|p+ qτ | , spq + tpq + upq = 0 , (2.3)
where p and q are relatively prime, τ = C(0) + ig−1B is the usual coupling of type IIB
superstring theory, and K is the same kinematical factor depending on the momenta and
polarization of the external states appearing in the tree-level Virasoro amplitude of the
form (see e.g. [6])
K = ζAA
′
1 ζ
BB′
2 ζ
CC′
3 ζ
DD′
4 KABCD(ki)KA′B′C′D′(ki) ,
KABCD = −1
4
st ηACηBD + ...
This amplitude can be obtained by the simple replacement
∞∑
m=1
1
m2k+1
−→ 12
∑
(m,n)6=(0,0)
1
|m+ nτ |2k+1 , (2.4)
in the Virasoro amplitude,
A4(s, t) = κ
2KA04(s, t) , A
0
4(s, t) =
1
stu
eδ0(s,t) , (2.5)
δ0(s, t) = 2
∞∑
k=1
ζ(2k + 1)
2k + 1
(
s¯2k+1 + t¯2k+1 + u¯2k+1
)
, (2.6)
s¯ = 1
4
α′s , t¯ = 1
4
α′t , u¯ = 1
4
α′u , s¯+ t¯+ u¯ = 0 ,
The prescription (2.4) is motivated by a number of facts:
a) it is the obvious generalization of the analogous replacement
∞∑
m=1
1
m3
−→ 12
∑
(m,n)6=(0,0)
1
|m+ nτ |3 ,
2
in the first term of the sum (2.6), which is known to account for all perturbative and
non-perturbative contributions to the R4 term [7-9].
b) The same structure (2.4) produces the non-perturbative contributions to the one-loop
amplitude coming from Kaluza-Klein gravitons (D0-branes) ofD = 11 supergravity [10,11].
The D0-branes are related by duality to the D-instantons that are the origin of the non-
perturbative effects in the ten-dimensional type IIB theory.
c) This prescription leads to correct perturbative g2kB and non-perturbative O(e
−2pimn/gB)
dependence, with k,m, n integer numbers. This is non-trivial, and it is crucial in order to
have a one-to-one correspondence between these terms and instanton contributions. [For
example, an ansatz giving rise to O(e−4pimn/gB) dependence, could not be correct, since it
would miss some D-instanton configurations.] This property follows by first writing A
sl(2)
4
in terms of Eisenstein series,
Er(τ) =
∑
(p,q)′
τ r2
|p+ qτ |2r , (2.7)
A
sl(2)
4 (s, t, u) =
1
stu
eδ(s,t) , (2.8)
δ(s, t) = 2
∞∑
k=1
ζ(2k + 1)g
k+1/2
B Ek+1/2(τ)
2k + 1
(
s¯2k+1 + t¯2k+1 + u¯2k+1
)
, (2.9)
and then using the expansion at large τ2,
Er(τ) = τ
r
2 + γrτ
1−r
2 +
4τ
1/2
2 π
r
ζ(2r)Γ(r)
∞∑
n,w=1
(w
n
)r−1/2
cos(2πwnτ1)Kr−1/2(2πwnτ2) , (2.10)
γr =
√
π Γ(r − 1/2) ζ(2r − 1)
Γ(r) ζ(2r)
.
Using the asymptotic expansion for the Bessel function Kr−1/2,
Kr−1/2(2πwnτ2) =
1√
4wnτ2
e−2piwnτ2
∞∑
m=0
1
(4πwnτ2)m
Γ(r +m)
Γ(r −m)m! ,
we see that the Ek+1/2(τ) terms in the amplitude are of the form
g
k+1/2
B Ek+1/2(τ) = 1 + γk+1/2 g
2k
B +O
(
e−2pi/gB
)
. (2.11)
d) It gives an SL(2,Z) invariant amplitude that in the limit g2B → 0 reduces to the Virasoro
amplitude (SL(2,Z) invariance is explicit in the Einstein frame, gEµν = g
−1/2
B gµν , so that
sE = g
1/2
B s, etc.).
3
e) The resulting amplitude has poles in the s-t-u channels at spq = −n, tpq = −n, upq = −n,
n = 0, 1, 2, ... corresponding to exchange of particles with masses
1
4α
′M2 = n|p+ qτ | , (2.12)
which is precisely the desired spectrum of (p, q) string states:
M2 = 4πTpq(NR +NL) =
2
α′
|p+ qτ | (NR +NL) , NR = NL . (2.13)
This spectrum corresponds to the zero winding sector of the spectrum originally studied
in [12] for the nine-dimensional type IIB string theory.
2.2. SL(2,Z) symmetric expressions by including (p, q) strings
We start with the Virasoro amplitude, with δ0 as given in eq. (2.6). By writing the
ζ-functions as series, it takes the form
δ0 = 2
∞∑
k=1
∞∑
m=1
1
2k + 1
(
α′s
4m
)2k+1
+ (s→ t) + (s→ u) (2.14)
or
δ0 =
∞∑
m=1
δ(m) , δ(m) = log
M2m + s
M2m − s
+ (s→ t) + (s→ u) , α′M2m = 4m . (2.15)
Thus δ0 is a direct sum of δ(m) associated with each mass level. This form is suitable for
SL(2,Z) symmetrization: we just need to include in the sum (2.15) all contributions M2mn
associated with the masses of (p, q) string states,
δ = 1
2
∑
(m,n)6=(0,0)
log
M2mn + s
M2mn − s
+ (s→ t) + (s→ u) (2.16)
i.e.
δ = 1
2
∑
(m,n)6=(0,0)
log
4|m+ nτ |+ α′s
4|m+ nτ | − α′s + (s→ t) + (s→ u) .
Expanding the logarithm, this becomes
δ =
∑
(m,n)6=(0,0)
∞∑
k=1
1
2k + 1
(
α′s
4|m+ nτ |
)2k+1
+ (s→ t) + (s→ u) (2.17)
= 2
∑
(p,q)′
∞∑
k=1
ζ(2k + 1)
2k + 1
(
s2k+1pq + t
2k+1
pq + u
2k+1
pq
)
,
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where spq, tpq, upq were introduced in eq. (2.3). It is perhaps not a surprise that we obtain
just the same amplitude A
sl(2)
4
2
A
sl(2)
4 (s, t, u) =
1
stu
eδ(s,t,u) . (2.18)
Along with the fundamental property described in section 5, this shows that simple at-
tempts of SL(2,Z) symmetrization indeed lead to the amplitude A
sl(2)
4 . One might also
attempt to construct an SL(2,Z) invariant amplitude by replacing the product over (p, q)′
states in eq. (2.2) by a sum over (p, q)′ states. This does not lead to a sensible amplitude:
first of all, the leading term in the expansion in α′ is divergent; in addition, such object
contains perturbative dependence in odd powers of gB, which cannot arise in string theory.
Let us also point out that obtaining SL(2,Z) symmetric terms in the effective action by
summing over (p, q) was recently investigated in [13].
3. Resummation of perturbative part
As shown in [1], and it is clear from eqs. (2.8)-(2.10), the amplitude A
sl(2)
4 can be
written as
A
sl(2)
4 (s, t, u) = A
pert
4 (s, t, u) + O
(
e−2pi/gB
)
, (3.1)
Apert4 (s, t, u) = A
0
4(s, t, u) e
A˜4(s,t,u) , (3.2)
with
A˜4(s, t, u) =
√
π
∞∑
k=1
(k − 1)!ζ(2k)
Γ(k + 3/2)
g2kB
(
s¯2k+1 + t¯2k+1 + u¯2k+1
)
. (3.3)
Writting ζ(2k) =
∑∞
m=1m
−2k, and using the formula
√
π
4
∞∑
k=1
(k − 1)!
Γ(k + 3/2)
xk = 1−
√
1
x
− 1 arcsin√x , |x| < 1 ,
2 There is a curious representation of the Virasoro amplitude in terms of free fermion variables
dm, d
†
m. Using log
b
a
=
∫∞
0
dt
′
t′
(
e−at
′
− e−bt
′
)
, one can write
δ0 = −
∫ ∞
0
dt′
t′
Tr
[
(−1)F e−t
′
H
]
.
where H = − 1
4
α′p2+2
∑∞
m=1
m(d†mdm−
1
2
) , F =
∑∞
m=1
d†mdm . It is clear that δ defining A
sl(2)
4
is given by the same expression with H = − 1
4
α′p2 +
∑
ωmn(d
†
mndmn −
1
2
), ωmn = |m + nτ | .
The frequency ωmn can be associated with the oscillations of membranes that move along a (p, q)
cycle of the 2-torus carrying zero total momentum (with p/q = m/n, see sect. 7).
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the perturbative part of A
sl(2)
4 can be resummed with the result
A˜4(s, t, u) = −4
∞∑
m=1
√
m2
g2B
− s¯2 arcsin s¯gB
m
+ (s→ t) + (s→ u) , (3.4)
or
Apert4 (s, t, u) = A
0
4(s, t, u)
∞∏
m=1
[
is¯gB
m
+
√
1− s¯
2g2B
m2
]4i√m2
g2
B
−s¯2
× [s→ t]× [s→ u] , (3.5)
where we have written arcsinz = −i log (iz +√1− z2).
Although eq. (3.5) may suggest the presence of cuts for s¯ > g−1B , the amplitude A
pert
4
cannot be extended to this regime; the terms O
(
e−2pi/gB
)
that so far have been neglected
become important. The full expression (2.2) indicates that A
sl(2)
4 has no cuts. This can be
proved with no need of understanding the convergence properties of the infinite product
in (2.2). Indeed, the presence of a cut at α′sE > 4/g
1/2
B would imply, by S-duality, the
presence of a cut at α′sE > 4g
1/2
B . For sufficiently small gB, and sE , tE , uE fixed, eq. (3.5)
is applicable at α′sE > 4g
1/2
B (viz. s¯ = 1), and it has no discontinuity cut at that point.
Therefore there cannot be any cut at any SL(2,Z) rotation of this condition, in particular,
at α′sE > 4/g
1/2
B .
The original expression (3.3) already exhibits the fact that there is no absorption via
opening of inelastic channels, since for sufficiently small gB it is convergent at s¯ = 1 and
real; the above argument can then be applied for any SL(2,Z) rotation of this point. It is
interesting to note that in the physical region of the parameter space one has
s > 0 , 0 < − t
s
= sin2
φ
2
< 1 , 0 < −u
s
= cos2
φ
2
< 1 ,
and similar conditions in the regions t > 0 or u > 0. Hence
s¯2k+1 + t¯2k+1 + u¯2k+1 = s¯2k+1
[
1− (sin2 φ
2
)2k+1 − (cos2 φ
2
)2k+1
]
> 0 .
Thus (in the region the sum converges, gB s¯ < 1) A˜4 is a real number greater than zero, so
that ∣∣Apert4 (s, t, u)∣∣ = ∣∣A04(s, t, u)∣∣ eA˜4(s,t,u) > ∣∣A04(s, t, u)∣∣
In particular, this also indicates that including the contribution of (p, q) states increases
the probability amplitude of the process. For α′s > 4/gB, this analysis is not applicable,
and the general expression (2.2) must be used.
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4. Effective action
We would like to explore the structure of the effective action that reproduces A
sl(2)
4 .
It is convenient to introduce the notation:
fk(τ) =
ζ(2k + 1)
k + 12
g
k+
1
2
B Ek+1/2(τ) , (4.1)
in terms of which δ (defined in (2.9)) becomes (α′ = 4)
δ =
∞∑
k=1
fk(τ) (s
2k+1 + t2k+1 + u2k+1) . (4.2)
Expanding A
sl(2)
4 (s, t) in eq. (2.8) in powers of δ, the amplitude (2.1) exhibits the pole due
to the exchange of the massless supergravity multiplet plus and infinite number of terms
containing polynomials in s, t,
A4(s, t) = κ
2K
[
1
stu
+
∞∑
k=1
fk(τ)Pk(s, t)+ ...+
1
N !
∑
k1...kN
fk1(τ)...fkN (τ)Pk1....kN (s, t)+ ...
]
,
(4.3)
with
Pk(s, t) =
1
stu
(s2k+1 + t2k+1 + u2k+1) , (4.4)
Pk1...kN (s, t) = Pk1 ...PkN (stu)
N−1 . (4.5)
Note that Pk(s, t) is an homogeneous polynomial of degree 2k−2 in s, t, as it is clear after
using u = −s− t,
Pk(s, t) =
k∑
l=1
(2k + 1)!
l!(2k + 1− l)!
2k−2l∑
n=0
(−1)ns2k−1−l−ntl+n−1 . (4.6)
At gB ≪ 1, fk(τ) has the expansion (see eq. (2.11))
fk(τ) =
ζ(2k + 1)
k + 12
+
√
πΓ(k)ζ(2k)
Γ(k + 32 )
g2kB + O(e
−2pi/gB) (4.7)
Using eq. (4.7), we see that at weak coupling the generic N term in eq. (4.3) takes the
form
1
N !stu
δN =
∑
k1...kN
[
c1 + c2g
2
B + ...+ chg
2h
B +O(e
−2pi/gB)
]
Pk1...kN (s, t) , (4.8)
h = 2(k1 + ...+ kN ) .
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The first term N = 1 has only tree-level and genus k contributions, and corresponds to
local terms in the effective action of the form
SA4
∣∣∣∣
N=1
=
∫
d10x
√−G g−2B
∞∑
k=1
fk(τ) “∇4k−4R4”
=
∫
d10x
√−G g−2B
∞∑
k=1
fk(τ) Pk(s, t)R4 (4.9)
Pk1...kN (s, t) is an homogeneous polynomial in s, t of degree 2h+N−3. Therefore, there are
also contributions to the order “∇4k−4R4” in derivatives coming from terms with N > 1,
N odd, 2h = 2k + 1−N . It is clear from (4.4), (4.5) that the tensor structure of each of
such terms is different; they give new terms to the effective action which do not mix with
(4.9).
From eq. (4.8) we see that the perturbative contribution in a generic N term
“∇4k−4R4” of highest order corresponds to genus k − 12 (N − 1) ≤ k. Similarly, terms
with N even contribute to “∇4k−2R4” , k = 2, 3, ..., with perturbative contribution of
highest order corresponding to genus k − 1
2
(N − 2) ≤ k. Thus either “∇4k−4R4” or
“∇4k−2R4” do not receive contributions beyond genus k.
In a recent paper, Berkovits and Vafa [14] conjectured that the exact function of the
coupling for the term H4k−4R4 in the type IIB effective action on R10 is given by fk(τ)
(up to a numerical multiplicative constant). This was based on explicit genus k results [15]
(see also [16,17] for analogous results in four dimensions), and it is also supported by the
fact that such terms can only receive tree-level and genus k contributions. As observed in
[14], this conjecture should be related to the amplitude A
sl(2)
4 conjectured in [1] by virtue of
supersymmetry. By a slight elaboration of the argument of ref. [14], let us now argue that
the H4k−4R4 conjecture actually implies that the terms containing Pk(s, t)R4 in the exact
four-graviton amplitude must be multiplied by fk(τ). Supersymmetry transformations
are expected to relate the term H4k−4R4 to a term with no H field but with the same
number of derivatives, i.e. of the form “∇4k−4R4”. The tree-level contribution toH4k−4R4
contains a single factor ζ(2k + 1). Because supersymmetry transformations on a given
term cannot generate ζ(2k+ 1) factors (there are no zeta-functions in the supersymmetry
transformation laws), the term “∇4k−4R4” that is in the same supersymmetric invariant
as H4k−4R4 must also contain a single factor ζ(2k+1). There is only one tree-level term of
order “∇4k−4R4” that contains such single factor, namely Pk(s, t)R4, which must therefore
be in the same supersymmetric invariant as H4k−4R4. Thus, the exact function of the
coupling multiplying Pk(s, t)R4 must be proportional to the exact function of the coupling
multiplying H4k−4R4.
In this way one derives eq. (4.9) from the H4k−4R4 conjecture of [14]. It is remarkable
that these two completely independent approaches have led to the same result. Unexpect-
edly, this holds for terms of arbitrarily high orders in derivatives. If the conjecture of [14]
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is true, then the exact four-graviton amplitude can differ from A
sl(2)
4 only in extra non-
local pieces (which are certainly expected), and in higher genus contributions to the terms
Pk1...kN (s, t) with N > 1. Possible corrections to the local terms with N > 1 are however
highly constrained by the fact that they must not give any tree-level contribution and they
must be SL(2,Z) invariant by themselves, in addition to having correct perturbative g2kB
and non-perturbative O(e−2pimn/gB) dependence on the coupling. It should be noted that
the terms Pk1...kN (s, t)R4 with N > 1 cannot be related by supersymmetry to H4k−4R4
for the reasons explained above, i.e. the ratio of the coefficients of the respective tree-level
parts is irrational. Thus the knowledge of terms H4k−4R4 does not help in determining
the exact functions of the coupling that multiplies Pk1...kN (s, t)R4 terms with N > 1.
The function of the coupling in front of each term (∇2)nR4 will in general be given
by a product of Eisenstein functions. In particular, the first terms R4, ∇4R4, ∇6R4 in
the effective action are of the form
S′ =
∫
d10x
√
−GE
(
2ζ(3)E3/2(τ)R4E + 2ζ(5)E5/2(τ)∇4R4E
+ 2ζ(3)2E23/2(τ)∇6R4E
)
. (4.10)
In the above notation, these terms correspond to P1(s, t), P2(s, t), P11(s, t), respectively.
In the string frame, this takes the following form at g2B ≪ 1
S′ =
∫
d10x
√−G
(
(a0g
−2
B + a1)R4 + (b0g−2B + b2g2B)∇4R4
+(c0g
−2
B + c1 + c2g
2
B)∇6R4
)
+O(e−2pi/gB) . (4.11)
We observe that there is no genus-one contribution to the order s2 (∼ ∇4R4). The genus-
one contribution to s3 is given by 4ζ(3)ζ(2) = 2pi
2
3 ζ(3).
5. Fundamental property of A
sl(2)
4 (s, t, u)
Another strategy to produce an SL(2,Z) invariant amplitude is by generalizing, when
possible, properties of the Virasoro amplitude (which applies at τ2 → ∞) to the full
fundamental domain F = SL(2,Z) \ H. Let us write the Virasoro amplitude (2.6) in
terms of Einstein variables, sE = g
1/2
B s, etc.
δ0(τ2, α
′) = 2
∞∑
k=1
ck(sE , tE)τ
k+1/2
2 (α
′)2k+1 , (5.1)
9
with
ck(sE, tE) =
ζ(2k + 1)
2k + 1
(
s2k+1E + t
2k+1
E + u
2k+1
E
)
.
As a function of τ and α′, δ0 obeys the simple relation
τ22
∂2
∂τ22
δ0 = η
2 ∂
2
∂η2
δ0 , η ≡ (α′)2 .
The SL(2,Z) invariant condition is thus the following one:
∆δ0 = η
2 ∂
2
∂η2
δ0 , (5.2)
where ∆ is the Laplace operator in the fundamental domain,
∆ = τ22
( ∂2
∂τ21
+
∂2
∂τ22
)
.
Any solution to eq. (5.2) in F that asymptotically approaches δ0 will provide an SL(2,Z)
generalization of the Virasoro amplitude. Interestingly, this strategy leads to the same
amplitude discussed in sect. 2, as stated by the following theorem.
Theorem: Let δ(τ ; η) be a function on F satisfying
lim
τ2→∞
δ(τ ; η) = δ0 , (5.3)
∆δ = η2
∂2
∂η2
δ , η = (α′)2 , (5.4)
where the limit (5.3) is understood with η → 0 so that τ2η is fixed (“string frame”). Then
such function is unique and given by
1
stu
eδ = A
sl(2)
4 (s, t, u) .
Proof: We solve eq. (5.4) by separation of variables:
δ =
∑
r
fr(η)ψr(τ) . (5.5)
It follows that
fr(η) = Arη
r +Brη
1−r , (5.6)
∆ψr = r(r − 1)ψr . (5.7)
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Since ψ1−r lies in the space of solutions ψr to (5.7), with no loss of generality we can set
Br = 0. Using eq. (5.3), we find that only ψr with r = k + 1/2 appear in the sum (5.5),
and they have the asymptotic behavior
ψr −→
τ2→∞
δr,k+ 1
2
τ r2 , k = 1, 2, ...
This implies that ψr(τ) is a Maass waveform. [A Maass waveform is a function on F which
is an eigenfunction of the laplacian and which has at most polynomial growth at infinity
[18].] If N (SL(2,Z), r(r− 1)) denotes the vector space of such waveforms, it is a known
result that
N (SL(2,Z), r(r− 1)) = CEr , for Re r > 12 , r 6∈ [ 12 , 1] .
Indeed, if there was another function f with the same asymptotic behavior, it would
imply that we can find a constant c such that g = f − cEr is square-integrable over the
fundamental domain, with the invariant area element d2τ/τ22 (since its expansion would
start with bτ1−r2 , see eq. (2.10)). But this contradicts the fact that the Laplace operator
is negative on F [18].
Using the boundary condition, we can now determine the coefficients Ar:
δ = 2
∞∑
k=1
ck(sE, tE)Ek+1/2(τ)η
k+1/2 , (5.8)
or
1
stu
eδ = A
sl(2)
4 (s, t, u) , (5.9)
Q.E.D.
Thus the differential equation (5.4) can be used to provide an alternative definition
for A
sl(2)
4 (s, t, u), with no need to refer to the infinite product (2.2), whose convergence
properties are unknown. What is special about this differential equation? In the three-
dimensional “space-time” with coordinates {η, τ1, τ2} it takes the simple form
∆(3)δ = 0 , (5.10)
with
ds23 = −η−4dη2 +
1
τ22 η
2
(dτ21 + dτ
2
2 ) , (5.11)
i.e.
ds23 = −dτ20 +
τ20
τ22
(dτ21 + dτ
2
2 ) , τ0 = η
−1 = (α′)−2 . (5.12)
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This geometry may be interpreted as an “expanding universe”, with the spatial section
being the fundamental domain F . It does not have an Euclidean counterpart. The time
parameter, which provides the scale, is the string tension squared, τ0 = (2πT )
2.
Introducing U = τ0/τ2 , V = τ0τ2, we obtain
ds23 = −dUdV + U2dτ21 . (5.13)
In this form, the geometry exhibits an orbifold singularity at U = 0 moving at the speed
of light. This metric (with the range of U, V unrestricted) was called the “null orbifold”
geometry in [19], but the connection with the fundamental domain of SL(2,Z) was not
noticed. Here the topology is not the same, since there is a restriction in the range of V/U ,
and the geometry contains singularities at |τ | = 1, τ1 = ±1/2. A new change of coordinate
shows that the geometry is flat everywhere away from the orbifold points,
ds23 = −dUdV˜ + dy2 , y = Uτ1 , V˜ = V + Uτ21 . (5.14)
In other words, this three-dimensional space-time is nothing but the (Minkowskian) em-
bedding of the fundamental domain. The differential equation that defines the amplitude
is thus the simplest invariant differential equation that one can write down involving τ, α′,
namely the free wave equation in a flat three-dimensional space. This differential equation
involves R-R and dilaton couplings, and α′, i.e. the length scale of the target metric. It
might originate from a Ward identity (or perhaps from some saddle point approximation
to the scattering problem).
6. More general S dual amplitudes
Since the exact amplitude is a function on the fundamental domain F = SL(2,Z)\H,
any correction to A
sl(2)
4 must be invariant under SL(2,Z) transformations. For square-
integrable functions on F (with the standard measure dτ2/τ22 ) there exists a spec-
tral decomposition in terms of cusp forms and E1/2+iφ, namely the Roelcke-Selberg for-
mula [18]. Although it is not completely clear whether the exact amplitude must be in
L2(SL(2,Z) \H), it is interesting to note that a function with the asymptotic behavior of
the Virasoro amplitude would be square-integrable, since the relevant asymptotic region
is τ2 → ∞ at fixed sE , tE , uE, in other words, s, t, u→ ∞, where one has the well-known
exponential fall off of the high-energy fixed-angle limit (recall (s, t, u) = τ
1/2
2 (sE , tE, uE)).
However, the exact scattering amplitude must approach the Virasoro amplitude only at
τ2 → ∞ and fixed string-frame variables s, t, u. Thus, in the region of interest, τ2 → ∞
at fixed sE , tE, uE , the asymptotic behavior of the exact amplitude is unknown. This is a
region of high-energy scattering at fixed angles, where, in addition, the coupling gB is sent
to zero. It seems legitimate to make use of some version of unitarity bounds, which could
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indicate that the exact amplitude must be square-integrable (as far as square-integrability
is concerned, even a field-theoretic behavior may be sufficient; in local field theory, high-
energy fixed angle scattering amplitudes typically fall off according to a power law, fact
directly associated with the power singularities of the products of local operators at short
distances). In any case, it is unlikely that a treatment based on the Roelcke-Selberg ex-
pansion would be of any use, since an orthonormal basis of cusp forms for SL(2,Z) is not
explicitly known.
The general structure of the exact scattering amplitude can be quite complicated, but
here we will consider a subclass of possible corrections. They exhibit an interesting feature:
each new order is SL(2,Z) invariant by itself and, when expanded at gB ≪ 1, starts with
an additional power of g2B. In addition, it provides an example of a more general SL(2,Z)
invariant amplitude that also reproduces the Virasoro amplitude in the weak coupling limit
and has a correct perturbative and non-perturbative dependence on the coupling.
In the one-loop four-graviton amplitude of eleven-dimensional supergravity on the
torus [11], as well as in A
sl(2)
4 , only those Er(τ), with r = k + 1/2 = 3/2, 5/2, ... appear.
Other Er are simply not allowed, because they would contain wrong perturbative depen-
dence at small gB (see (2.10)). It is therefore of interest to investigate possible additional
corrections to δ that can be expressed as a linear combination of Ek+1/2(τ). Let us stress
once again that this does not represent the most general function on F . We shall thus
consider a function on F of the form
logAS4 (s, t) ≡ − log stu+2
∞∑
k=1
g
k+1/2
B (s¯
2k+1+ t¯2k+1+ u¯2k+1)
h0∑
h=0
c
(h)
k Ek+1/2−2h(τ) , (6.1)
c
(0)
k =
ζ(2k + 1)
2k + 1
, h0 = [
1
2 (k − 1)] .
It is worth noting that the sum over h contains a finite number of terms. Terms with h < 0
are excluded because AS4 (s, t) must reduce to the usual genus zero result at gB → 0; terms
with h > h0 are related to the other terms by the functional relation Er = const.E1−r.
For k odd, a given power of s in eq. (6.1) has the structure
g
k+1/2
B s
2k+1
[
c
(0)
k Ek+1/2(τ) + c
(1)
k Ek−3/2(τ) + ...+ c
(h0)
k E3/2(τ)
]
(6.2)
s2k+1
[
c
(0)
k (1 + γ0g
2k
B ) + c
(1)
k (g
2
B + γ1g
2k−2
B ) + ...+ c
(h0)
k (g
k−1
B + γh0g
k+1
B )
]
(6.3)
whereas for k even the last term in the above equations are respectively c
(h0)
k E5/2,
c
(h0)
k (g
k−2
B + γh0g
k+2
B ). Thus we have A4 = A
sl(2)
4 + A
sl(2)
4(h=1) + ... ,
h = 0 : A
sl(2)
4 ∼ 1 + g2B + ...+O(e−1/gB ) ,
h = 1 : A
sl(2)
4(h=1) ∼ g2B + g4B + ...+O(e−1/gB ) , etc.
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These expressions uncover an important property of the sum over h: it adds new corrections
by preserving SL(2,Z) invariance and without affecting the leading term of the previous
order. By S-duality, the same property holds in an expansion at large gB .
Defining m = k − 2h, and in terms of Einstein-frame variables, eq. (6.1) takes the
form (α′ = 4)
logAS4 (s, t) = − log stu+ 2
∞∑
m=1
Em+1/2(τ)s
2m+1
E
∞∑
h=0
c(h)m s
4h
E + (s→ t, u) . (6.4)
In string-frame variables the sum over h is c
(0)
m +c
(1)
m g2Bs
4+c
(2)
m g4Bs
8+ .... From eq. (6.4) we
see that the amplitude AS4 (s, t) generalizes A
sl(2)
4 (s, t) by replacing the constant coefficient
c
(0)
m multiplying Em+1/2(τ) by an analytic function fm(z) =
∑
c
(h)
m zh, z =
(
α′sE
)4
(and
the same function for the terms with t and u). It is clear (and also implied by the theorem
of sect. 5) that the differential equation (5.4) is not satisfied unless fm are constants (i.e.
unless AS4 (s, t) = A
sl(2)
4 (s, t)).
Let us also note that if, as argued in [14] and in sect. 4, supersymmetry transformations
relate the term H4k−4R4 in the type IIB effective action to a term of the form ∇4k−4R4,
then the constants c
(h)
k in eq. (6.1) are uniquely determined to be given by c
(h)
k = c
(0)
k δh0,
i.e. AS4 (s, t) = A
sl(2)
4 (s, t). Indeed, an amplitude of the form (6.1) with c
(h)
k 6= 0 for some
h > 0 would imply, by supersymmetry, contributions to H4k−4R4 of genus lower than k
(cf. (6.3)), in contradiction with the results of [15]. This suggests that generalizations of
A
sl(2)
4 of the form (6.1) are not possible.
To illustrate how the function AS4 (s, t) may look like after resummation in m, we
consider the following concrete example. Let
c(h)m = ch
ζ(2m+ 1)
2m+ 1
, c0 = 1 .
Now the full series can be resummed with the result:
AS4 (s, t) =
1
stu
∏
(p,q)′
e−2γ(spqf(s)+tpqf(t)+upqf(u))
×
[
Γ(1− spq)
Γ(1 + spq)
]f(s) [
Γ(1− tpq)
Γ(1 + tpq)
]f(t) [
Γ(1− upq)
Γ(1 + upq)
]f(u)
, (6.5)
where γ is the Euler constant, γ = 0.5772... and
f(s) = 1 + c1g
2
B s¯
4 + c2g
4
B s¯
8 + ...
The analytic structure is now more complicated. Let us extract the complete genus one
contribution (proportional to g2B). We find
A
(1)
4 = g
2
BA
0
4(s, t)
[
2π2
3
s¯t¯u¯+
(
−2c1γs¯5 + c1s¯4 log Γ(1− s¯)
Γ(1 + s¯)
+ (s→ t, u)
)]
. (6.6)
Although this exhibits the presence of cuts, it is different from the full genus one string
amplitude (at most, it might be a part of the genus one string amplitud; this contains, in
addition, double poles, a non-local part coming from the massless loop contribution, etc.,
which are absent in the above expression). Note that the first term in (6.6) comes from
the order h = 0, whereas the remaining part comes from the order h = 1.
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7. Eleven-dimensional origin of A
sl(2)
4
So far we have examined some properties of SL(2,Z) invariant generalizations of the
Virasoro amplitude. We will now propose an interpretation of A
sl(2)
4 in the context of
superstring/M-theory.
As pointed out in sect. 2, A
sl(2)
4 has poles corresponding to the exchange of (p, q)
string states. With the exception of the massless state NR = NL = 0, such states (which
include the usual (1, 0) string excitations) are expected to be unstable, since they do not
correspond to supersymmetric classical solutions (we recall that the states that survive
in ten dimensions have vanishing RR and NS-NS charges). Once all quantum corrections
have been taken into account, poles corresponding to unstable particles should lie away
from the real axes. The amplitude A
sl(2)
4 , which has no discontinuity cuts and (for generic
coupling) has simple poles lying on the real axes, has the structure of a tree amplitude, in
which a certain collection of states are exchanged in the s-t-u channels.
From the point of view of eleven dimensions –this will be shown below– these (p, q)
string states of mass α′M2 = 4NR|p + qτ | correspond to membrane configurations with
excitations NR = NL moving in the direction (p, q) and carrying zero total momentum.
They are not protected by supersymmetry, but these are the basic configurations that
survive in the ten-dimensional type IIB limit; in this limit the BPS (p, q) strings become
infinitely massive and they do not contribute to the four-graviton amplitude. When R11 ≪
R10, the scattering is dominated by exchange of (1, 0) strings, since all the (p, q) strings
with q 6= 0 are very heavy. For R11 ∼ R10, the contribution of the (1, 0) string is of
the same order as, e.g. that of the (0, 1) string. It is no longer justified to construct a
perturbation theory based on the standard (1, 0) string, rather than including all (p, q)
strings at the same time. It must be stressed that for gB = R11/R10 = O(1) all massive
string excitations become very unstable. What this means is that there are other effects
–in addition to the tree diagrams– that are of the same order of magnitude (see sect. 8).
Although in general there is not a simple correspondence between eleven dimensional
loops and string loops,3 for small torus area the correspondence is more direct. The ex-
ample of one-loop four-graviton amplitude in eleven dimensional supergravity on the torus
exhibits the basic fact that the eleven-dimensional supergravity amplitude is SL(2,Z)
invariant order by order in the loop expansion (SL(2,Z) symmetry being just part of
reparametrization invariance). But it also shows that the 1-loop contribution, when repre-
sented in terms of the string coupling, already contains contributions to every genus order.
The reason is that at any given loop order in eleven dimensions, additional dependence
on the string coupling appears through the masses of the Kaluza-Klein states running in
the loops, in a way that also affects lower loop orders in the string perturbation theory.
Technically, this calculation applies when R10, R11 are much greater than the cutoff, given
3 Further discussions on this can be found in [10,11,20].
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by the eleven-dimensional Planck lenght lp. In the opposite limit, R10, R11 ≪ lp, the con-
tribution of Kaluza-Klein states is in fact suppressed by factors O
(
exp(−lp/R)
)
, so they
do not give any perturbative contribution.
Consider, for example, the term ζ(3)R4 in the effective action. At R10R11 ≫ l2p, it is
the one-loop four-graviton amplitude in eleven dimensional supergravity that provides this
contribution to the R4 term, whereas at R10R11 ≪ l2p such term, and the full Virasoro am-
plitude, originate from the multiple exchange of the usual (non-BPS) string excitations in
the tree diagram. From the point of view of the eleven dimensional theory on a torus with
R10R11 ≪ l2p, in the Virasoro amplitude the external gravitons are exchanging small wind-
ing membranes that have wave modes moving only in one world-volume direction σ (wound
around x10). The SL(2,Z) symmetry is recovered upon the inclusion of the exchange of
the physical states representing oscillations collectively moving in an arbitrary (p, q) direc-
tion, after summing over (p, q). It will be argued below that (after taking R10R11 → 0)
the SL(2,Z) symmetric result that arises in this ‘tree-level’ eleven-dimensional calculation
is given by A
sl(2)
4 .
7.1. M-theory configurations corresponding to the (p, q) strings
Let us first recall the eleven-dimensional description of the BPS (p, q) strings [12].
A BPS (p, q) string bound state with NS-NS and R-R charges (lp, lq) with a momentum
boost w0 along the string becomes, after T-duality in the string direction x10, a bound
state of a 0-brane of charge lq, a fundamental string of charge w0 and a wave of momentum
lp. The corresponding solution in eleven dimensions was described in [21] and represents
an extremal 2-brane of charge w0 superposed with a gravitational wave with momentum
components (lp, lq) in the directions (x10, x11) (or, equivalently, momentum flux along the
(p, q) cycle of the torus). In the presence of an extra translational isometry, there exists
a dual eleven-dimensional description of the same BPS (p, q) string solution, obtained by
applying T-duality in the extra isometric direction x9, and lifting to eleven dimensions,
giving a 2-brane with one leg wrapped around a (p, q) cycle of the torus (x9, x11), and
the other leg winding l times around x10, superposed with a gravitational wave carrying
momentum w0 in the direction x10 (for the explicit solution, see [22]).
At microscopic level, there are right-moving waves moving in the BPS (p, q) string
satisfying NR = lw0. There are many inequivalent physical states with the same value of
NR. The corresponding classical geometry in eleven dimensions is the same for all of them
and given by the fundamental membrane with the momentum boost. We will consider a
rectangular (τ1 = 0) torus of radii R10, R11. The membrane coordinates can be written as
follows
X10(σ, ρ) = w0R10σ + X˜
10(σ, ρ) ,
X11(σ, ρ) = R11ρ+ X˜
11(σ, ρ) , (7.1)
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where X˜10, X˜11 are single-valued functions of the membrane world-volume coordinates
σ, ρ ∈ [0, 2π). The transverse membrane coordinates X i(σ, ρ), i = 1, ..., 8 are all single-
valued (we use the notation where the eleven bosonic coordinates are {X0, X i, X10, X11}),
and they can be expanded in terms of Fourier modes,
X i(σ, ρ) =
√
α′
∑
k,m
X i(k,m)e
ikσ+imρ , P i(σ, ρ) =
1
(2π)2
√
α′
∑
k,m
P i(k,m)e
ikσ+imρ . (7.2)
We will assume that the dynamics of the oscillations is governed by a relativistic membrane
theory [23]. Separating the winding contributions and inserting the Fourier expansions as
in ref. [24], the membrane light-cone Hamiltonian [25,26] takes the form H = H0 +Hint ,
with [24]
α′H0 = 8π
4α′T 23R
2
10R
2
11w
2
0 +
1
2
∑
n
[
P a
n
P a−n + ω
2
kmX
a
n
Xa−n
]
α′Hint =
1
4g2A
∑
(n1 × n2)(n3 × n4)Xan1Xbn2Xan3Xbn4
+
i
gA
∑
mk2X10(0,m)X
i
(k,n)X
i
(−k,−n−m) ,
X+ =
X0 + X˜11√
2
= x+ + α′p+τ , n ≡ (k,m) , a, b = 1, ..., 8, 10 ,
where T3 is the membrane tension ([T3] = cm
−3) and
n× n′ = km′ −mk′ , α′ = (4π2R11T3)−1 ,
g2A ≡
R211
α′
= 4π2R311T3 , ωkm =
√
k2 + w20m
2τ22 , τ2 =
R10
R11
.
Here only the bosonic modes have been written explicitly (the inclusion of fermion modes
is straightforward). The constant gA represents the type IIA string coupling. The mass
operator is given by
M2 = 2p+p− − (pa)2 = 2H0 + 2Hint − (pa)2 . (7.3)
Hint is positive definite, and any state |Ψ〉 with 〈Ψ|Hint|Ψ〉 6= 0 will have infinite mass in
the zero area limit, where gA → 0 (with T3 → ∞, so that T = 2πR11T3 and τ2 remain
fixed). The only states that survive are those containing excitations in a Cartan subspace
of the area-preserving diffeomorphism algebra, so that Hint drops out from 〈Ψ|M2|Ψ〉, i.e.
〈Ψcartan|Hint|Ψcartan〉 = 0 .
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To be precise, le us introduce mode operators as follows:
Xa(k,m) =
i√
2w(k,m)
[
αa(k,m) + α˜
a
(−k,−m)
]
, P a(k,m) =
1√
2
[
αa(k,m) − α˜a(−k,−m)
]
, (7.4)
(
Xa(k,m)
)†
= Xa(−k,−m) ,
(
P a(k,m)
)†
= P a(−k,−m) , w(k,m) ≡ ǫ(k) ωkm ,
where ǫ(k) is the sign function. The canonical commutation relations imply
[
Xa(k,m), P
b
(k′,m′)
]
= iδk+k′δm+m′δ
ab ,
[αa(k,m), α
b
(k′,m′)] = w(k,m)δk+k′δm+m′δ
ab , (7.5)
and similar relations for the α˜a(k,m). Let us write (k,m) = n(p˜, q˜), with (p˜, q˜) relatively
prime. A Cartan subspace is constituted of all states made of operators αan(p˜,q˜), α˜
a
n(p˜,q˜)
with the same value of (p˜, q˜). We will denote this subspace by Hp˜q˜. The states that have
finite mass in the zero area limit (corresponding to the 10D type IIB limit) live in the
direct sum of Hp˜q˜ over p˜, q˜ coprime.
In this subspace and in this limit the interaction term can be dropped and the world-
volume theory can be described in terms of free variables. The solution to the membrane
equations of motion is given by
Xa(σ, ρ, τ) = xa + α′paτ + i
√
α′
2
∑
n6=(0,0)
w−1
n
[
αa
n
eikσ+imρ + α˜a
n
e−ikσ−imρ
]
eiwnτ . (7.6)
Let the momentum components in the directions X10 and X11 be given by
p10 =
lp
R10
, p11 =
lq
R11
.
The (nine-dimensional) mass operator takes the form
M2 =
l2p2
R210
+
l2q2
R211
+
w20R
2
10
α′2
+
2
α′
H , (7.7)
H = 12
∑
n
(
αa−nα
a
n
+ α˜a−nα˜
a
n
)
, n ≡ (k,m) .
The level-matching conditions are given by [24]
N+σ −N−σ = w0lp , N+ρ −N−ρ = lq ,
where
N+σ =
∞∑
m=−∞
∞∑
k=1
k
ωkm
αi(−k,−m)α
i
(k,m) ,
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N−σ =
∞∑
m=−∞
∞∑
k=1
k
ωkm
α˜i(−k,−m)α˜
i
(k,m) ,
N+ρ =
∞∑
m=1
∞∑
k=0
m
ωkm
[
αa(−k,−m)α
a
(k,m) + α˜
a
(−k,m)α˜
a
(k,−m)
]
,
N−ρ =
∞∑
m=1
∞∑
k=0
m
ωkm
[
αa(−k,m)α
a
(k,−m) + α˜
a
(−k,−m)α˜
a
(k,m)
]
.
For states living in a given subspace Hp˜q˜, with (k,m) = n(p˜, q˜), the frequency of oscilla-
tions becomes wkm = n
√
p˜2 + q˜2w20τ
2
2 . In the target space (x10, x11), the corresponding
oscillations travel in a direction θ relative to the direction x10, with
tan θ =
q˜w0τ2
p˜
.
For the BPS (p, q) string states, supersymmetry of the classical solution allows to add
right-moving waves only along the momentum vector l(p, q). This imposes a restriction on
the possible states that can microscopically describe the BPS solution. That is, they live in
Hp˜q˜, with p˜q˜w0 =
p
q
, with the extra condition that there are only right-moving excitations,
which sets α˜i(k,m) = 0. Because (p, q) and (p˜, q˜) are pairs of relatively prime integers, the
relation p˜q˜w0 =
p
q implies that one of the following two cases is true: (p˜, q˜) = (pw0, q) or
(p˜, q˜) = (p, q/w0). To be specific, let us consider this last one (and p 6= 0). The discussion
for the other case is similar. In the subspace Hp˜q˜ the mass operator (7.7) reduces to
M2 =
l2p2
R210
+
l2q2
R211
+
w20R
2
10
α′2
+
2
α′
√
p2 + q2τ22 (NR +NL) , (7.8)
NR −NL = lw0 , NR =
∞∑
n=1
αi−nα
i
n , NL =
∞∑
n=1
α˜i−nα˜
i
n , (7.9)
where the αin are defined by
αin = (p
2 + q2τ22 )
−1/4αi(np,nq/w0) , [α
i
n, α
j
n′ ] = nδn+n′δ
ij , (7.10)
and similarly for α˜in. Setting α˜
i
(k,m) = 0, so that NL = 0, one reproduces the standard
mass formula for the BPS states, as discussed in [21].
It is remarkable that the mass spectrum (7.8), (7.9) exactly coincides with the (p, q)
string mass spectrum, even if it includes non-supersymmetric states with NL 6= 0. The
sector l = 0 (relevant to ten dimensions) is constituted of both right and left moving
excitations satisfying NR = NL, and they describe the membrane states that have finite
mass in the limit that the area goes to zero. Since in eleven dimensions these are waves
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moving along a (p, q) direction of a membrane with winding w0, which carry zero total
momentum, the large distance geometry must approximate that of a non-extremal black
2-brane [27] of charge w0, irrespective of the microscopic state, in particular, irrespective
of the (p, q) orientation of the oscillations.
In the type IIB language, the winding of the membrane w0 represents the momentum
of the type IIB string. The above discussion is invalid in the sector w0 = 0, that we do
not know how to treat. Nevertheless, in the zero area limit, understanding this sector may
not be essential: for R10 → 0, one can recover all continuum values of w0R10 (including
zero) by formally starting with w0 6= 0.
7.2. Heuristic derivation of A
sl(2)
4
Having argued that membrane theory on a vanishing torus area is constituted by
different decoupled sectors (p, q), each one being described by a free string theory with
tension Tpq = T
√
p2 + q2τ22 , we now examine very schematically a possible way to derive
an SL(2,Z)-invariant four-graviton scattering amplitude starting from membrane theory.
The four-graviton scattering amplitude in string theory is formally given by
A4 = 〈(k3, ζ3); (k4, ζ4)|(k1, ζ1); (k2, ζ2)〉 =
∫
B
[DX ] eS =
∫
[DX ] eS V1V1V3V4 , (7.11)
where B stands for the boundary carrying the information about the quantum numbers of
ingoing and outgoing states. By conformal invariance, B can be supplanted by the insertion
of suitable vertex operators Vi = V (ki; ζi). As in the previous subsection, fermion variables
are omitted.
The explicit calculation of the path integral (7.11) gives the Virasoro amplitude (2.5).
The contribution due to massless exchange can be obtained by taking the limit α′ → 0 in
(2.5). This gives
A4
∣∣∣∣
zero
= κ2K
1
stu
.
From eleven-dimensional point of view, the amplitude (7.11) is only accounting for the
exchange of those membranes that do not oscillate in the eleventh dimension. If R10 ∼ R11,
the contribution of membrane exchange with oscillations in an arbitrary (p, q) direction on
T 2 will be equally important. The full amplitude will be given by
A4 = 〈(k3, ζ3); (k4, ζ4)|(k1, ζ1); (k2, ζ2)〉 =
∫
B
[DX(σ, ρ)] eS . (7.12)
Let us now write
X i(σ, ρ) =
∑
(p,q)′
X ipq , X
i
pq =
√
α′
∑
n
X in(p,q)e
in(pσ+qρ) , (7.13)
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so that
[DX ] =
∏
(p,q)′
[DXpq] .
In the zero-area limit, the dynamics resembles that described by a direct sum of free-string
theory lagrangians Lpq, differing only in the tension Tpq. The amplitude takes the form
A4 =
∏
(p,q)′
∫
B˜pq
[DXpq] e
Spq ∼
∏
(p,q)′
∫
[DXpq] e
Spq V1V1V3V4 . (7.14)
In this way the amplitude looks like an infinite product of string-theory amplitudes. There
is, however, an important difference: in eq. (7.14), there is only one variable describ-
ing the center-of-mass coordinate (the membrane has only one center-of-mass mode –
(k,m) = (0, 0) in eq. (7.2) ). A direct product of string amplitudes with independent
center-of-mass coordinates would not give the correct answer; in particular, each factor
would be independently accounting for the exchange of a string in the zero-mode state
(i.e. the exchange of the massless multiplet). This would lead to the appearance of the
factor K 1stu an infinite number of times. But it is clear from the original membrane-theory
formulation that there must be only one factor K 1stu , corresponding to the exchange of
a membrane with no oscillations (representing the massless supergravity multiplet). The
SL(2,Z)-invariant amplitude schematically represented in (7.14) therefore seems to have
the structure of a product over (p, q)′ with a single factor K 1
stu
, just as the S-dual am-
plitude given by eq. (2.1). Obtaining a complete proof along these lines –i.e. starting
from eleven dimensions and then taking the zero-torus area limit– may be a very compli-
cated way. In eleven dimensions membrane theory is non-linear, and it is only in the limit
of vanishing torus area that the theory seems to simplify. A more convenient approach
may already exist in the ten-dimensional type IIB theory, without any reference to eleven
dimensions (perhaps in the spirit of ref. [2]).
8. Discussion
In section 7 the amplitude A
sl(2)
4 has been interpreted as a tree-level amplitude in
M-theory compactified on a 2-torus of small area. It is a well-known fact that in eleven
dimensions there is no extra parameter that one can use to control loop corrections. The
model of sect. 6 may be regarded as an example on how other effects might be systemat-
ically organized. The physical idea of this organization is the following. Loop diagrams
can be constructed from tree diagrams by using unitarity (this is the way string loops were
originally constructed). This is not a straightforward calculation, in particular, one first
needs to symmetrize other tree-level (N-graviton) amplitudes of string theory, etc. Using
A
sl(2)
4 as starting (tree-level) amplitude and assuming that the (p, q) string states constitute
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a complete set of intermediate states, this procedure generates an SL(2,Z) invariant loop
expansion. In section 7 we have presented evidence that this is the natural organization
that follows from eleven-dimensional membrane theory in an expansion in topologies. The
full amplitude defined in this way may represent the four-graviton amplitude in M-theory
compactified on a 2-torus in the limit the area goes to zero at fixed modulus τ .
A natural question is whether in the limit of weak (or strong) coupling such SL(2,Z)-
invariant organization (which should follow automatically from eleven dimensions by virtue
of reparametrization symmetry) represents an improvement of perturbation theory. It is
not obvious that this will be the case, since the new contributions seem to correspond to the
exchange of very unstable objects, and some of them may not even exist for a given gB ≪ 1.
Although improving perturbation theory is not the aim of this work, we nevertheless
expect that for any coupling gB A
sl(2)
4 is closer to the exact scattering amplitude than
what the Virasoro amplitude is: at small coupling A
sl(2)
4 becomes the Virasoro amplitude
plus additional corrections; some of them (momentum8 term, and the higher derivative
terms related by supersymmetry to H4k−4R4) are believed to contain the exact function
of the coupling, and the remaining ones have the correct form to be interpreted as genuine
perturbative and non-perturbative contributions in superstring theory.
The symmetrization based on (p, q) ‘strings’ may as well be regarded as a trick to
incorporate D-instantons in the perturbative series (in addition to incorporating certain
parts of higher genus perturbative corrections). Mathematically, one is summing over
all possible SL(2,Z) rotations of the tree-level expressions. Physically, we seem to be
accounting for the exchange of all possible membrane states surviving in the zero area
limit (not just those with oscillations along x10).
Acknowledgements
I would like to acknowledge the support of the European Commission TMR pro-
gramme grant ERBFMBI-CT96-0982.
22
References
[1] J.G. Russo, Phys. Lett. B417 (1998) 253, hep-th/9707241.
[2] P.K. Townsend, hep-th/9705160; M. Cederwall and P.K. Townsend, hep-th/9709002;
N. Berkovits, hep-th/9801009.
[3] C.M. Hull and P.K. Townsend, Nucl. Phys. B438 (1995) 109.
[4] E. Witten, Nucl. Phys. B460 (1995) 335.
[5] E. Cremer, H. Lu, C.N. Pope and K. Stelle, hep-th/9707207.
[6] D.J. Gross and E. Witten, Nucl. Phys. B277 (1986) 1.
[7] M.B. Green and M. Gutperle, Nucl. Phys. B498 (1997) 195, hep-th/9701093.
[8] M.B. Green and P. Vanhove, Phys. Lett. B408 (1997) 122, hep-th/9704145.
[9] N. Berkovits, hep-th/9709116.
[10] M.B. Green, M. Gutperle and P. Vanhove, Phys. Lett. B409 (1997) 177, hep-
th/9706175.
[11] J.G. Russo and A.A. Tseytlin, Nucl. Phys. B508 (1997) 245, hep-th/9707134.
[12] J.H. Schwarz, Phys. Lett. B360 (1995) 13, hep-th/9508143.
[13] A. Kehagias and H. Partouche, hep-th/9712164.
[14] N. Berkovits and C. Vafa, hep-th/9803145.
[15] N. Berkovits and C. Vafa, Nucl. Phys. B433 (1995) 123; H. Ooguri and C. Vafa, Nucl.
Phys. B451 (1995) 121.
[16] I. Antoniadis, E. Gava, K.S. Narain and T.R. Taylor, Nucl. Phys. B455 (1995) 109.
[17] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Commun. Math. Phys. 165 (1994)
31, hep-th/9309140.
[18] A. Terras, Harmonic Analysis on Symmetric Spaces and Applications, vol. I, Springer-
Verlag (1985).
[19] G. Horowitz and A. Steif, Phys. Lett. B258 (1991) 91.
[20] M.B. Green, hep-th/9712195.
[21] J.G. Russo and A.A. Tseytlin, Nucl. Phys. B490 (1997) 121.
[22] J.G. Russo, Phys. Lett. B400 (1997) 37, hep-th/9701188.
[23] E. Bergshoeff, E. Sezgin and P.K. Townsend, Ann. Phys. 185 (1988) 330.
[24] J.G. Russo, hep-th/9703118.
[25] E. Bergshoeff, E. Sezgin and Y. Tanii, Nucl. Phys. B298 (1988) 187.
[26] B. de Wit, J. Hoppe and H. Nicolai, Nucl. Phys. B305 [FS 23] (1988) 545.
[27] R. Gu¨ven, Phys. Lett. B276 (1992) 49.
23
